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Abstract
The quartic curve of Han [X. Han, Piecewise quartic polynomial curves with shape parameter, Journal of Computational and
Applied Mathematics 195 (2006) 34–45] can be considered as the generalization of the cubic B-spline curve incorporating shape
parameters into the polynomial basis functions. We show that this curve can be considered as the linear blending of the original
cubic B-spline curve and a fixed quartic curve. Moreover, we present the Be´zier form of the curve, which is useful in terms of
incorporating the curve into existing CAD systems. Geometric effects of the alteration of shape parameters is also discussed,
including design oriented computational methods for constrained shape control of the curve.
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1. Introduction
While the classical B-spline curve still plays an essential role in computer aided geometric modeling and in other
applications, several attempts appeared to improve its capabilities in the last decades. By the specification of control
points of a uniform cubic B-spline curve, the position of the curve is fixed and the only way to adjust its shape is the
repositioning of its control points. To overcome this rigidity, one of the main purposes of these improvements was
to incorporate shape parameters into the classical curve. The popular rational generalization of B-spline curve, the
NURBS curve (cf. [9]), associates weights with the control points, which can also be considered as shape parameters.
This curve however, suffers from several drawbacks due to the relative complexity of rational basis functions (cf. [3,
8]). The first attempt to describe B-spline curve with shape parameters, while preserving polynomial basis functions
was β-spline curve [1,2], but several other approaches can be found in recent papers as well [4,10,11]. Among them,
one of the most promising curve type is the quartic curve of Han [6], which preserves all the nice properties of B-spline
curve, having local shape parameters and quartic polynomial basis functions. In the paper [6] one can find the basic
theoretical properties of the curve, like shape preserving properties and local interpolation. Unfortunately, much less
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attention was focused on the geometric aspects of shape parameters which, however would be essential in the practical
usage of this type of curves.
The purpose of this paper is to study the geometric properties of this curve, especially the effect of shape parameters
on the curve. In order to study them, we describe the curve by a linear blending method in Sections 2 and 3. Based
on this approach general properties of shape parameters are discussed in Section 4, while practical computational
methods for constrained shape modification are presented in Section 5.
2. Definition and linear blending description
In [6] a quartic polynomial curve with shape parameters is defined in the following way:
Definition 1. Given a sequence of control points pi , (i = 0, . . . , 3) the arc is defined by
c(λ1, λ2, t) =
3∑
i=0
Bi (λ1, λ2, t)pi , λ1, λ2 ∈ [−8, 1], t ∈ [0, 1], (1)
where the basis functions are
B0(λ1, λ2, t) = 124
(
(4− λ1) (1− t)4 + 4 (1− λ1) (1− t)3 t
)
,
B1(λ1, λ2, t) = 124
(
2 (8+ λ1) (1− t)4 + 8 (8+ λ1) (1− t)3 t + 72 (1− t)2 t2
+ 4 (7− λ2) (1− t) t3 + (4− λ2) t4
)
,
B2(λ1, λ2, t) = 124
(
(4− λ1) (1− t)4 + 4 (7− λ1) (1− t)3 t + 72 (1− t)2 t2
+ 8 (8+ λ2) (1− t) t3 + 2 (8+ λ2) t4
)
,
B3(λ1, λ2, t) = 124
(
4 (1− λ2) (1− t) t3 + (4− λ2) t4
)
.
Remark 1. For the sake of simplicity, in the definition and throughout the paper we deal with a curve arc defined by
four control points. A curve with arbitrary number of control points pi , (i = 0, . . . , n) can naturally be defined by
consecutive arcs
c j (λ j , λ j+1, t) =
3∑
i=0
Bi (λ j , λ j+1, t)pi+ j−1, ( j = 1, . . . , n − 2) .
Remark 2. The curve can also be extended to the non-uniform case in the usual way, i.e. by inserting knots
0 = u1 < u2 < · · · < un−1 = 1 into the domain of definition [0, 1] and substituting the parameter t in the j th
arc with
t = u − u j
u j+1 − u j .
All results of this paper can easily be generalized to non-uniform curves composed of multiple arcs.
After some calculations one can observe that for uniform shape parameter (λ1 = λ2 = λ) the curve (1) can also
be described by linearly blending the classical uniform cubic B-spline curve b(t) and a quartic polynomial curve
l(t) =∑3i=0 Qi (t)pi by
c(λ, t) = λl(t)+ (1− λ)b(t), (2)
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where the basis functions of l(t) are of the form
Q0(t) = 18 −
1
2
t + 3
4
t2 − 1
2
t3 + 1
8
t4,
Q1(t) = 34 −
3
2
t2 + t3 − 1
8
t4,
Q2(t) = 18 +
1
2
t + 3
4
t2 − 1
2
t3 − 1
8
t4,
Q3(t) = 18 t
4.
(3)
3. Linear blending in a common basis
In this section we provide a more general framework for the linear blending approach. A common characteristic of
the shape modification methods is that they modify the shape of the curve
b (t) =
n∑
i=0
Bi (t)pi
by pulling it towards (or pushing it away from) a target curve
l (t) =
m∑
j=0
G j (t) g j
by means of a convex combination of the two curves. Thus, the modified curve is of the form
c(λ, t) = q(λ)l(t)+ (1− q(λ))b(t).
If, e.g., gi = pi , Bi (t) are the cubic uniform normalized B-spline basis functions, n = m = 3, q (λ) = λ and
Gi (t) = Qi (t) defined by (3) we obtain the quartic curve of Han with uniform shape parameters, but other curves
with shape parameter, like αB-spline curve [7,10], GB-spline curve [4] or SPB-spline curve [11] can also be described
by this framework.
An obvious reparametrization of the target curve would be the Gi (t) = Bi (t) choice, i.e., when the target curve
is described in the basis of the curve to be modified. In our case the original curve is a cubic B-spline curve, while
the modified curve is a quartic one, thus our aim is now to describe these curves in a common basis, which will turn
out to be the quartic Bernstein basis. As we will see, this reparametrization allows us to describe the effects of shape
parameter alteration by simple control point repositioning.
Due to [6] the curve (1) can be written in the form
c(λ1, λ2, t) = (1− t)4c(λ1, λ2, 0)+ 2(1− t)3ta1 + 2
(
(1− t)3t + 3(1− t)2t2 + (1− t)t3
)
m
+ 2(1− t)t3a2 + t4c(λ1, λ2, 1),
where
ai = 112
(
(1− λi )pi−1 + 2(5+ λi )pi + (1− λi )pi+1
)
, (i = 1, 2)
m = 1
2
(
p1 + p2
)
.
Now, we want to rewrite this quartic curve into the Be´zier form
c(λ1, λ2, t) =
4∑
i=0
N 4i (t) gi (λ1, λ2), (4)
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where N 4i (t) are the well-known Bernstein basis functions
N 4i (t) =
(
4
i
)
(1− t)i t (4−i), (i = 0, . . . , 4) .
After some calculation we obtain the control points
g0(λ1, λ2) = c(λ1, λ2, 0) =
1
24
(
(4− λ1)p0 + 2(8+ λ1)p1 + (4− λ1)p2
)
,
g1(λ1, λ2) =
1
2
(a1 +m) = 124
(
(1− λ1)p0 + 2(8+ λ1)p1 + (7− λ1)p2
)
,
g2(λ1, λ2) = m =
1
2
(
p1 + p2
)
,
g3(λ1, λ2) =
1
2
(a2 +m) = 124
(
(7− λ2)p1 + 2(8+ λ2)p2 + (1− λ2)p3
)
,
g4(λ1, λ2) = c(λ1, λ2, 1) =
1
24
(
(4− λ2)p1 + 2(8+ λ2)p2 + (4− λ2)p3
)
of the Be´zier representation.
Description (1) of the curve is useful from user interface point of view, while description (4) is advantageous if
we want to integrate the curve into nowadays CAD systems, i.e. when we have to convert the curve into B-spline or
NURBS representation.
In accordance with this form, for λ1 = λ2 = 0 curve (1) is the cubic B-spline curve, which can also be written in
the quartic Be´zier form:
c(0, 0, t) =
3∑
i=0
Bi (t)pi =
4∑
j=0
N 4j (t)g j (0, 0),
where, using the notations b j = g j (0, 0),
b0 = 16
(
p0 + 4p1 + p2
)
,
b1 = 124
(
p0 + 16p1 + 7p2
)
,
b2 = 12
(
p1 + p2
)
,
b3 = 124
(
7p1 + 16p2 + p3
)
,
b4 = 16
(
p1 + 4p2 + p3
)
.
Note, that the first two control points g0 and g1 of the Be´zier curve depend only on λ1, g2 is fixed, while g3 and g4
depend exclusively on λ2.
4. Shape parameter alteration
Now, we describe some results altering the shape parameter λ1 ∈ [−8, 1] with some fixed value of λ2 (analogous
results can be achieved for λ2 ∈ [−8, 1] with fixed λ1). The extreme positions of the Be´zier curve (4) are c(−8, λ2, t)
and c(1, λ2, t). As we have seen, the original definition of Han provides fixed control points and altering shape
parameter, but now this shape parameter alteration can also be described by the repositioning of the first two new
control points of the Be´zier representation, without using the shape parameter (see Fig. 1). As one can observe in
Eq. (2), the curve c (t) can be described as the linear blending of two extreme curves, the cubic B-spline curve and a
quartic curve. Since these curves have all been described in the same basis by Eq. (4), and g0, g1 are linear functions
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Fig. 1. The original B-spline curve with its Be´zier control polygon (upper left), the curve of Han with its Be´zier polygon for λ1 = −0.5, λ2 = 0.7
(upper right), for λ1 = −2, λ2 = 0.7 (lower left) and for λ1 = λ2 = 4 (lower right) along with the original curve.
of λ1, after some calculation we get the linear blending form
c (λ1, λ2, t) =
4∑
i=0
(
q(λ1)gi (1, λ2)+ (1− q(λ1)) gi (−8, λ2)
)
N 4i (t) .
If λ1 ∈ [0, 1], i.e. we let the curve be modified only between the B-spline curve and the upper limit curve, as is usual in
other shape parameter forms, then the linear blending function is q(λ1) = λ1 (while gi (−8, λ2) has to be substituted
by gi (0, λ2), of course). In this case and for λ2 = 0 this equation is of the special form
c (λ1, 0, t) =
4∑
i=0
(
λ1gi (1, 0)+ (1− λ1)bi
)
N 4i (t) .
If we let λ1 to be changed in the whole domain, i.e. λ1 ∈ [−8, 1], then the blending function is
q(λ1) = 8+ λ19 .
More generally, linear blending can handle any range of the shape parameter, that is if we would let λ1 ∈ [a, b]
then the form remains valid (naturally substituting gi (1, λ2) by gi (b, λ2) and gi (−8, λ2) by gi (a, λ2)) with blending
function
q(λ1) = λ1 − ab − a .
Here a and b are not necessarily in the range [−8, 1], although exceeding this range the curve will lose important
features like the convex hull property. For λ1 = 4, however the curve interpolates p1, as one can immediately observe
from the equation of the control point g0 of the Be´zier curve (4).
We also have to note, that altering the shape parameters one can naturally expect similar curvature plots and
monotonicity properties than that of the original curve. But for λ1 < −2 or λ2 < −2 the curve can have undesired
inflexion points. This is a consequence of the fact, that if λ1 = −2 then
g0(−2, λ2) =
1
4
(
p0 + 2p1 + p2
) = a1,
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Fig. 2. The original B-spline curve and the curve of Han for λ1 = λ2 = −2 with two sets of collinear control points g0, g1, g2 and g2, g3, g4,
consequently with zero curvature at g0 and g4.
but, as we have seen,
g1(λ1, λ2) =
1
2
(a1 +m)
g2(λ1, λ2) = m,
which immediately yields, that the control points g0, g1, g2 of the Be´zier representation of the curve are collinear for
λ1 = −2 and g2 bisects the segment g0g1. The curvature at g0 (at t = 0) vanishes, since it is proportional to the
area of the triangle with vertices g0, g1, g2. (This can also be seen by Theorem 2 in [6].) In case of plane curves, if
λ1 < −2 the sign of the curvature of the modified curve will defer from that of the original curve. Similar results
can be derived for λ2 = −2, i.e. for the collinearity of the control points g2, g3, g4 (cf. Fig. 2). The linear blending
description instantly yields, that altering the shape parameter any fixed point c (λ1, λ2, t0) of the curve will move along
a line segment, with endpoints c (a, λ2, t0) and c (b, λ2, t0) independently of the range of [a, b] in which λ1 varies.
Proposition 1. If λ1 = λ2 = 4 (cf. lower right in Fig. 1), i.e. if the curve interpolates both p1 and p2, the curvature
vanishes at t = 0.5.
Proof. In order to prove this statement we consider the Be´zier form (4) of the curve and its discriminant curve that
corresponds to the control point g0 (cf. [5]). As is shown in [5], this discriminant is of the form
s0 (t) = g1 +
3∑
j=1
(
3
j
)(
t
1− t
) j (
g j+1 − g j
)
. (5)
We have to show that the tangent line of this discriminant at its point t = 0.5 passes through the control point
g0 (4, 4) = p1. It is enough to prove that vectors s0 (0.5) − p1 and s˙0 (0.5) = ddt s0 (t) |t=0.5 are parallel. After
substitution and some rearrangement we obtain
s0 (0.5)− p1 =
11
4
(
p2 − p1
)+ 1
4
(
p0 − p3
)
s˙0 (0.5) = 332
(
p2 − p1
)+ 3
2
(
p0 − p3
)
from which it is obvious that(
s0 (0.5)− p1
)× s˙0 (0.5) = 0
that completes the proof. 
5. Constrained shape modification
Control points gi , (i = 0, . . . , 4) can be written in the form
g0 = b0 + λ1d1,
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Fig. 3. The locus of p3 for the parallelism of directions d1 and d2 (the three parallel lines are equally spaced).
g1 = b1 + λ1d1,
g2 = b2,
g3 = b3 + λ2d2,
g4 = b4 + λ2d2,
with directions
d1 = 124
((
p1 − p0
)− (p2 − p1)) ,
d2 = 124
((
p2 − p1
)− (p3 − p2)) .
Thus, curve (4) has the form
c (λ1, λ2, t) =
4∑
i=0
bi N 4i (t)+ λ1d1
(
N 40 (t)+ N 41 (t)
)
+ λ2d2
(
N 43 (t)+ N 44 (t)
)
. (6)
From this we can see that
• if λ1 is altered points of the curve move along straight lines that are parallel to d1;
• if λ2 is altered points of the curve move along straight lines that are parallel to d2;
• if λ1 and λ2 are simultaneously altered, points of the curve move in a plane that is parallel to the directions d1 and
d2, provided d1 ∦ d2. If d1 ‖ d2 points of the curve move parallel to this common direction.
For the parallelism of directions d1 and d2 the coplanarity of control points pi , (i = 0, . . . , 3) is necessary,
moreover the locus of control point p3 is the straight line indicated in Fig. 3. The knowledge of the path (curves
or surfaces along which points of the modified curve move when shape parameters are altered) enables us to perform
constrained shape modifications. In the following subsections we describe practical computational techniques to
modify the curve in a way that it will pass through a given point.
5.1. Spatial control points
At first we assume that control points pi , (i = 0, . . . , 3) are not coplanar. When modifying both λ1 and λ2 the
two-parameter family of curves c (λ1, λ2, t) sweeps a region in space bounded by two planes that are parallel to the
directions d1 and d2. This region is uniquely determined by control points pi . We will refer to this region as Ωp. The
prescribed domains for shape parameters λ1 and λ2 can yield further restrictions for possible positions of the curve.
5.1.1. Move a specified point of the curve
An arbitrarily chosen point of the curve c (λ1, λ2, t0) can be moved in the plane that passes through the point and
parallel to the directions d1 and d2. Let q be the desired new position of the selected point, i.e. q has to fulfill the
equality
(d1 × d2) · (c (λ1, λ2, t0)− q) = 0.
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Fig. 4. Point c(0, 0, 0.8) of the original curve is moved to the user specified point q with new shape parameters λ1 = 0.5, λ2 = −4.5.
In the affine coordinate system with origin c (0, 0, t0) and basis vectors d1 and d2 coordinates (γ1, γ2) of the point q
can be computed, e.g. by solving the system of linear equations
γ1d21 + γ2d2 · d1 = (q− c (0, 0, t0)) · d1
γ1d1 · d2 + γ2d22 = (q− c (0, 0, t0)) · d2
for γ1 and γ2. Due to our assumptions, there will always be a unique solution from which we obtain shape parameters
λ˜1 = γ1/
(
N 40 (t0)+ N 41 (t0)
)
,
λ˜2 = γ2/
(
N 43 (t0)+ N 44 (t0)
)
.
Using these values of shape parameters equality c
(˜
λ1, λ˜2, t0
)
= q holds.
5.1.2. Pass through a point
In this case we do not specify which point of the curve to move, just specify a point through which the curve has
to pass. Let us denote this point by q that must be in Ωp. We have to intersect the curve with the plane that passes
through the point q and parallel to the directions d1 and d2. Since q ∈ Ωp, there must be at least one solution. Let the
intersection point be c (0, 0, t0). (If we have more intersection points we have to choose one.) From hereon, we can
proceed according to the previous shape modification method described in Section 5.1.1.
5.2. Coplanar control points
If control points pi , (i = 0, . . . , 3) are coplanar, then Ωp coincides with this common plane. At first we assume
that d1 ∦ d2.
In the case of the first shape modification method (Section 5.1.1) the arbitrarily chosen point c (λ1, λ2, t0) can
be moved to any location in the plane and shape parameters λ1, λ2 can be determined by the process described in
Section 5.1.1. This constrained shape modification is illustrated in Fig. 4.
In the case of the second shape modification method (Section 5.1.2), by the proper choice of shape parameters any
point of the curve can be moved to the required location, i.e. we have a free parameter that can be used to fulfill an
additional constraint (e.g. tangent direction).
If control points pi , (i = 0, . . . , 3) are coplanar and d1 ‖ d2, then Ωp becomes a plane region bounded by two
parallel lines that are also parallel to this common direction. In this case shape modification methods are the two-
dimensional equivalents of the spatial cases described in Sections 5.1.1 and 5.1.2.
6. Conclusions
We provided some geometric properties of quartic curves that were specified in [6]. We pointed out that in
the case of uniform shape parameters these curves can be obtained by the linear blending of a uniform B-spline
curve and a quartic curve. We specified the Be´zier representation of the quartic of Han that enabled us to describe
the geometric properties of the alteration of shape parameters, including shape modifications subject to positional
geometric constraints.
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